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Abstract. We give a microlocal version of the theorem of iterates 
in multi-anisotropic Gevrey classes for muhi-anisotropic hypoelhp- 
tic differential operators. 



CM. 

<^ . 1. Introduction 

I A fundamental result of Gevrey microlocal regularity due to Hormander 

g: cniis 

(1.1) WFsiu) C WFsiPix, D)u) U Char{P) , 

where P{x, D) denotes a differential operator with analytic coefficients 
in n, Char{P) its set of characteristic points {x,^) G i7 x M" and 
. WFs{u) is the Gevrey wave front of the distribution u E T)' (Q) . 

^ I Let WFs{u, P{x, D)), see |2], be the Gevrey wave front of the distri- 

I bution M G S)' (Q) with respect to the iterates of the operator P{x, D), 

\0 ■ then the result (jl.lj) is made more precise by the following inclusion 

O 

c3 ■ smce 



1.2) WFs{u) C WFs{u, P{x, D)) U Char{P) 



(1.3) WFs{u, P{x, D)) C WFs{P{x, D)u) . 

Various extensions and generalizations of results (jl.ip and (|1.2j) have 
been obtained, according as one considers the classes of elliptic or hy- 
\ poelliptic differential operators or one considers different notions of 

homogeneity associated to these classes of operators, see e. g. [21, 0, 

i, ca, cni and mi. 

In mi a microlocal analysis of the so called inhomogeneous Gevrey 
classes also fO^, has been introduced. The inhomogeneous 

Gevrey wave front of a distribution u G D' (f2) , denoted WF^{u), is 
defined with respect to a weight function ip. 
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The method of Newton's polyhedron, see P or P, permits to ap- 
proach differential operators with respect to their multi-quasihomogeneity. 
In this situation the inhomogeneous Gevrey wave front WF^{u) is 
characterized by a weight (p equals to the function |^|p defined by the 
Newton's polyhedron P of the operator P{x, D) and it is denoted by 



An interpretation of the y9— inhomogeneous Gevrey microfocal anal- 
ysis to the multi-anisotropic case is given in the paper [S], where a theo- 
rem in the spirit of the result (jl.ip for a class of multi-quasihomogeneous 
hypoelliptic differential operators is obtained. 

The aim of this paper is to obtain a result in the spirit of (jl.2j) for 
a class of multi-anisotropic hypoelliptic differential operators includ- 
ing the classes of operators studied in [11, |H], [IHI, [IH] and 
[T7j . The section 2 is an adapted modification of the inhomogeneous 
Gevrey wave front of Liess-Rodino, see [H] and [S], to our multi- 
anisotropic case in the spirit of il3| and ^H]- In section 3 we introduce 
and study the multi-anisotropic Gevrey wave front with respect to the 
iterates of an operator P(x, D) and its Newton's polyhedron P, denoted 
WFgf: {u, P{x,D)) , the following section 4 gives the micro local result 
of type (jl.2p for the studied class of differential operators. This class 
is microlocally characterized by the following definition. 

Definition 1. Let xq Ei^,^o E ]R"\ {0} and P{x,D) be a differential 
operator with coefficients in the anisotropic Gevrey class G^''^ (fi) , we 
say (xc^o) ^ Tl^j'sfiP) if there exists an open neighbourhood U C Q 
of Xq, an open q-quasiconic neighbourhood T C M"\ {0} of C,o o-nd a 
constant c > such that \/ (x,^) E U x T, 



where the numbers p, 6, fi' and fi satisfy < 6 < p < 1 and 6p < p' < p. 

The principal result of this work is the following theorem. 

Theorem 1. Let u E 2)' , P{x,D) a differential operator with 
coefficients in G'^'^ {Vt) and p, S, p', p such that < 6 < p < 1 and 
5p < p' < p, then 



<c\P{x,0\, 
D^D^P (x, < cl"l+i <a,q >^/^<°.'?> \P (x, 0| |^| 



5\a\-p\f3\ 
P 



(1.4) 
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2. MULTI-ANISOTROPIC GeVREY WAVE FRONT 



This section is an adaptation with a shght modification of the inho- 
mogeneous Gevrey microfocal analysis introduced in [T3], see also [T3] 
and |H], to the multi-anisotropic case. 

Let fl be an open subset of and fet P {x, D) be a linear partial 
differentiai operator with coefficients in C°° (Q) , 



where A is a finite subset of Z" . 

Definition 2. Let xq € Q, the Newton's polyhedron of the operator 
P {x,D) at the point xq, denoted P (xq) , is the convex hull of 



Remark 1. A Newton's polyhedron P is always characterized by 



where A (P) is a finite subset o/R". 

Definition 3. The Newton's polyhedron P is said to be regular if for 
any a = (ai, aj, a„) E A we have aj > 0, Vj = 1, .., n. 

Definition 4. The operator P {x, D) is said regular if it satisfies the 
following conditions : 



(2) P zs a regular polyhedron. 
Remark 2. In this paper we consider only regular operators. 
Let P be a regular polyhedron, we set 

V (P) = {s° = 0, s\ .., s""} the set of the vertices of P 
/ij = maxa~^ , a G ^ . 
/i = maxyUj . 



{0}u{aGZ![,a, (xq) 7^ O} 



P= n {a G M^,< a,a >< l} , 



(1) P(xo) = P, Vxo G . 




k [a) 



inf jt > 0, if: G P| = max< «, a > 
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Definition 5. Let s > 1 and ¥ be a regular polyhedron, we denote 
C^'^ (Q) the space of functions u G {VL) such that WK compact of 
Q, 3C > 0,Va G Zl, 

(2.1) sup|D"u| < Cl"l+^A;(a)''^'^") . 

K 

Example 1. If the operator P is I -quasi- elliptic of order m, with the 
weight I = (/i, /„), so its Newton's polyhedron P is the simplex of ver- 
tices {0, mjCj, j = 1, ..,n} , which is obviously regular. In this case the 

n 

set A coincides with the vector ^ mj^ej, and we have = mj, jj, = 

m, I = q = .., ^). If a E , then k {a) = < a,q > and we 
obtain G*'"" = G^'"^ the anisotropic Gevrey space, i.e. the space 
of functions u G such that\/K compact offl, 3C > 0, Va G Z", 

K 

The following lemma, obtained in jHj, gives the existence of a trun- 
cation sequence, following the fundamental lemma 2.2 of JH] in the 
multi-anisotropic case. The quasihomogeneous case is a result of [T^ 
lemma 1.2]. 

Lemma 1. Let K be a compact set of M" and let s > 1, then there 
exists a sequence (xn) C (M") such that xn = I on K and 
(2.2) 

\D''xN\<CiCN'^')^'''''> if<a,a><N,yae A, N = 1,2,... . 

A characterization of C^'^ (Q) using the Fourier transform is given 
by the following theorem. 

Theorem 2. Let xq E Q and u E D' {Q) , then u is G^'^ in a neigh- 
bourhood of Xq if, and only if there exists a neighbourhood U of Xq and 
a sequence (un) in £' {Vt) such that 

i) un = u in U, N = 1,2, ... . 

a) Un is bounded in £' (fi) . 

^^^)\^m<c[^^) ,N=1,2,.... 

Proof See [H] and |H]. □ 

We give now a microlocalization of the definition El It is an adapted 
modification , in the spirit of ^31 and JHl; of the inhomogeneous 
Gevrey wave front of Liess-Rodino, see [Hj and [Sj, to our multi- 
anisotropic case. It coincides exactly with the classical definition of 
the quasihomogeneous case. 
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Definition 6. Let Xq G fi, ^ ^"'\ {0} and u E D' (fi) , we say that 
u is C^'^—microregular at {xq,^o), we denote (xc^o) ^ WFg^p^u), 
if there exists C > 0, a neighbourhood U of Xq in Q, a q-quasiconic 
neighbourhood T of C,o in ]R"\ {0} and a sequence (mat) C S' (Q) such 
that 

i) un = u in U, N = 1, 2, ... . 

a) Un is bounded in £' [Vt) . 

^^^)\^m<c[^) , iV = 1, 2, ^ G T . 

We recall that a subset F C M" is said g-quasiconic if 

Remark 3. The definition coincides exactly with the quasihomo- 
geneous case, see [in], if the polyhedron P is the simplex of vertices 
{0, mjCj, j = 

Using the truncation sequence (xn) we obtain the following lemma, 
see 0. 

Lemma 2. Let u e D' (Q) and (xo,^o) ^ WFs^p{u) and let U,T be 
as in definition O If K is a compact neighbourhood of xq in U, F is 
a q-quasiconic compact neighbourhood of in T and (xn) C {U) 
equal to 1 on K satisfying fl i^.i^ , then there exists po G Z^jNq G Z+ 
such that the sequence {XpoN+No'^) satisfies i)-iii) in K and F . 

We define the G"*''''— singsupp(M) as the complementary of the biggest 
open subset of where u is C^^^ . The relation between the multi- 
anisotropic Gevrey wave front and the multi-anisotropic Gevrey singu- 
lar support is given by the following proposition. 

Proposition 1. Let u be a distribution in Vt, then the projection of 
WFs;^ (m) on is the C^'^ — singsupp{u) . 

Proof. It follows the similar proof of 8J. □ 

The microlocal property of the differential operator P {x, D) with 
respect to the G*'''"— wave front WFg^jp (u) is given by the following 
theorem. 

Theorem 3. Let u E D' (Q) and P (x, D) be a differential operator 
with coefficients in G*'"^ (Q), then 

(2.3) WFs,p (Pu) C iyF,,p (u) . 

Proof See [HI and [HI . □ 



6 CHIKH BOUZAR AND RACHID CHAILI 

Remark 4. The product of two functions of the space G^'^ (Q) does 
not belong m general to G''^ (fi) , hut if g e G^'^ (fi) and f e G''^ (fi) , 
then gf G G^'^ (Q) , see JT] . This justifies the optimal choice of the 
regularity of the coefficients of the operator P {x, D) . 

3. MULTI-ANISOTROPIC GeVREY WAVE FRONT WITH RESPECT TO 
THE ITERATES OF A DIFFERENTIAL OPERATOR 

The Gevrey microlocal analysis with respect to the iterates of a dif- 
ferential operator has been introduced for the first time by P. BoUey 
and J. Camus in j2j in the homogeneous case. L. Zanghirati in |TE] has 
adapted it to the quasihomogeneous case. The aim of this section is to 
extend this analysis to the mult i- quasihomogeneous case. 

Definition 7. Let r G M and s > 1, we denote Gp^ {Q, P) the space 
of distributions u & D' (Q) such that compact of 3C > 0, VA^ G 

Z+, 

\\p''4Hr^K)<c{CNr'' . 

The space of Gevrey vectors of the operator P is by definition 

G''^ (n, p) = u Gf (n, p) . 

The space of Gevrey vectors G^'^ {Q, P) of the operator P is described 
with the help of the Fourier transform in the following lemma. 

Lemma 3. Let xq G and m G D' (fi) , then u G G'''^ {V, P) for a 
neighbourhood V of xq if, and only if, there exists a neighbourhood U 
of xo,U C V, C > 0, M E M. and a sequence (/at) in E' {V^ such that 

I) f^ = p^u inU, N = 0,1,... . 

II) |S(0| <C(CiV^)^^(l + |e|)"^ ^GM",iV = 0,1,... . 

Proof. It follows the proof of proposition 1.4 of 0. □ 

The following technical lemma is important for the sequel. 

Lemma 4. Let K be a compact subset of Q and (xn) a sequence in 
(M") satisfying jH) and J a subset of G'''^ (Q) such that 

3G > 0, Va G A, G sup <C{C <a,a >^)^<"'"> , 

K 

then 3Ci > 0, Wvi,..,Vj.i G d, ya\..,a^ G Z!^, Va\ .., a^' G A, 
< a^,a^ > +..+ < a^,a^ >< N, we have 



sup 

K 



D''\,D''\2...D''''\.iD'''xjv 



< Cf+i ((< a\a' >Y<^''^'> (< a', a' >)'^'<"'''^'> ... (< a^,a^ >) 
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Proof. It is sufficient to see at ffist that G^'^ (Q) C G''^"" (Q) , Va G ^ 
and for any a, 6 G we have 

\li<a,a>y^ < [fj, <a,b>)^ ^ , a G Z_,_, 

and apply after lemma 2.3 of JH] or adapt lemma 5.3 of [T^. □ 

Thanks to the truncation sequence (xn) , if m G S)' , the se- 
quence ujy = xnu is bounded in S' (Q) and then 3C > 0, |'U/v(OI ^ 
C (1 + 1^1)^^ , ^ G M"", G Z4.. In the problem of iterates this property 
is precised by the following result. 

Lemma 5. Let K be a compact subset ofQ and let (xn) be a sequence 
in C~ {K) satisfying (fg^ , then Vm G D' (Q) , 3po > 0, Vp > po, Vr G 
Z+, the sequence f^ = XpN+rP^ satisfies 

(3.1) S (0 < C {C {N'' + Wr""-'' , e e K", AT G Z+, 

Proof. It does not differ substantially from its quasihomogeneous sim- 
ilar lemma 2.4 of ^Hl- D 

The belonging to the space C^'^ {Q, P) is microlocally characterized 
by the following definition. 

Definition 8. Let u G £>' (1^) , (a;o,^o) G x M"\ {0} and P{x,D) 
be a differential operator with coefficients in C'"^ (Q) . We say that u 
is G^'^ —microregular with respect to the iterates of P{x,D) at (a;o,^o); 
we denote (xc^o) ^ WPg^p {u, P), if there exists C > 0, M G M, a 
neighbourhood U of xq in fi, a q-quasiconic neighbourhood T of in 
]R"\ {0} and a sequence (fjy) C S' such that 
j) f^ = p^u inU, N eZ+ . 

jj;|S(o| <c(c(iv^^ + lelp)r^+*^ eeM",iVGZ+ . 

jjj;|K(0| <c(Civr'^(i + iei)'', eGr,iVGZ+ . 

The following proposition gives the link between the G"'''^— singularities 
of a distribution u E D' (Q) with respect to the iterates of P{x, D) and 
the wave front WFg^^ {u, P) . 

Proposition 2. Let u eT)' {VL) and P{x, D) be a differential operator 
with coefficients in G^'''{Q), then the projection of WFg^p {u, P) on Q 
is the complementary of the biggest open subset Q' of Q where u G 
G^'P (fi', P) . 

Proof. It follows the steps of the proofs of the classical theorems in the 
homogeneous case, see j2], and the quasihomogeneous case, see 
and makes use essentially of the following lemma. 
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Lemma 6. Let u e D' (Q) and (xq, ^o) ^ WFs^p {u, P) , U and T be 
as in the definition \Ei K a compact neighbourhood of Xq in U, F be 
a q-quasiconic compact neighbourhood of C,o in T and (xn) C {U) 
be a sequence equals to 1 on K satisfying (ji^.i^ , then there exists po G 
Z+, A^o £ ^+ such that the sequence [xpoN+NoP^u) satisfies jjj) in F. 

□ 

The microlocal property of the operator P{x, D) with respect to the 
wave front WFg^p {u, P) is the following result. 

Theorem 4. Let u & D' (Q) and P{x, D) be a differential operator 
with coefficients in G^''^ {Vt), then 

(3.2) WFs,^ (m, P) C H^F,,p {Pu) C W,,p {u) 

Proof. Suppose that (xq, ^o) ^ WFs;e (u), then there exists a neighbour- 
hood U of xo, a g-quasiconic neighbourhood T of and a bounded se- 

quence (un) in £' (^l) such that un = umU and \un (01 ^ C* ( j ? N = 
1,2,.., ^ G r. Let K he a. compact neighbourhood of xq in f/, F be a 
g-quasiconic compact neighbourhood of in T and let (xn) C {U) 
equal to 1 on K satisfying ()2.2p . Choose p > po + Nq and set /a? = 
XpnP'^u, we will show that this sequence satisfies jjj) since j) is true 
and jj) is fulfilled according to lemma El 
We have 

(3.3) Tn (0 = J e~'<'-'^>XpNP''udx = Ju'P'' (e-*<^'«>Xpiv) dx. 

Set *P (x, D)= a'^ (x) and let = fco < A;i < .. < fc^ = 1, be 

the elements of the set = k (a) , a eZinF] . Then 

*P {e-^<''^>XpN^r) = e-*<^''«> \^\;RXpN+r , 
where R{x,C,, D) = Rq + ... + Rj. and 

fe(/3)=fc. 

By iteration we find 
(3.4) 

{e-^<^'^>XpN) = e-'<^'^> \e/R\,N = e-'<^'^> \e/ E Rh-Ri.XpN 

0<li<r 
l<i<N 
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Since the coefficients of Ri are in G*'"^ {Q) , V.^ G M", then from lemma 
m we obtain for < a,a >< N, a E A, 



fi<a,a>+ti^N- Z l^^ki ^ h-N 



since |^^| < |^|^''^^\ V/3 G Z\. Then for |e|p > iV^^, < a, a >< iV, 
a G ^, we get 

(3.5) I < C2^+iiV^^<°''*>. 

From ()3.3p , fl3.4|) , ()3.5|) and lemma El we obtain 

/iv (o| = \{{r''xpn) u) ^ (01 < c {CNr'' ,e e F, leip > iv^^ 

so (xo, ^o) ^ W^i^.,p {u, P) , hence W^F.^p (m, P) C (u) . 

Since 

WF,,p (n, P) = W,,p (Pm, P) C iyP,,p {Pu) 

and lyPs^p (Pu) C WFa^¥{u), according to theorem El so the proof of 
theorem m is complete. □ 

4. The multi-anisotropic Gevrey microlocal regularity 

We obtain in this section a result of Gevrey microlocal regularity for 
a class of multi-anisotropic hypoelliptic differential operators charac- 
terized by the following definition. 

Definition 9. Let xq eVI.^qE W^\{Q} and P{x,D) be a differential 
operator with coefficients in G'^''' (Q) , we denote {xq, ^q) ^ Y2p's f i^) 
there exists an open neighbourhood U C Q of Xq, an open q-quasiconic 
neighbourhood T C M"\ {0} of o,nd a constant c > such that 

v(x,Oef/xr, 

(4.1) 

eis^'<c|p(x,oi, 



\5\a\-p\l3\ 



D:D^^P{x,0 < < a,g >^'^<°''?> |P(x,OI lOj 

where the numbers p, 6, p' and p satisfy < 5 < p < 1 and 6fi < fi' < /i. 

We need the following lemma which is a modification of the similar 
result of [3 lemme 3.8]. 

Lemma 7. Under the notations of definition{^ if Xn ^ (U) satis- 
fies (jg.gjl , so there exists C > such that for (x, ^ U xT,hi, ..,hj G 
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Z+,aeA,<a^ + .. + a\ a >< N, f3\ .., (3^-^ G : 

where a = a^ + .. + (3 = (3^ + .. + 

The principal result of this work is the following theorem. 

Theorem 5. Let Q be an open subset o/M", u E D' [Q) and P{x,D) 
be a differential operator with coefficients in G^''^ and let p, 6, fi' and 
/i be real numbers satisfying < 6 < p < 1 and 6p < p' < p, then 

(4.2) WFs',f (u) C WFs,p {u, P) U V'^'f (P) , 



where s' = max 



SfJ, s 

/I'—Sfj, ' p—S 



Proof Let (xq, 6) ^ VTFs,? («, P) U E^'^ f^^) ' ^^^^^^ > 

0, M G M, a neighbourhood U of Xq in f2, a g-quasiconic neighbour- 
hood r of ^0 in {0} and a sequence (/a?) C S' (f2) such that the 
conditions j),jj) and jjj) of definition |S1 are fulfilled. Let K be a compact 
neighbourhood of xq in U, F a g— quasiconic compact neighbourhood 
of ^0 in r such that ()4.ip is hold and let xn ^ Co° (^) ; Xn = 1 on 
satisfying (j2.2|) and p a large enough integer. Set mat = Xpnu and let's 
prove that this sequence satisfies iii) since i) and ii) are fulfilled. We 
write 

tp (e-^<^'«>u;) = e-^<^'«> (*P (x, -0 (/ - R)) w, 

where 

By iteration we get 

tpN (e-i<-,5>^) = e-i<-,5> (*p (^.^ (j _ p))^^. 

The fact that we can divide by *P(x, — ^) is due to the following 
lemma which can easily be proved. 

Lemma 8. //(xo,eo) ^ E'^S'fiP), then (^0,-^0) ^ ES'/(*^)- 
Set 

W^TV = J] R''' ...i?"'" CP)"' XpTV, 

h,+.. + hN<[^^N] 
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where *P = *P (x, — ^) . Then this function satisfies 



(*P (I - R))^ Wn = XpN - Cat, 



where 



N 

i=i 



N-j 



Hence 
(4.3) 



UN (0 = ujn/n (0 + ejvM (0 5 ^ e F. 



We will estimate both terms of the second member of ()4.3p . Let 
a E A and = fco < < ••• < fc^ = 1, be the elements of the set 
{k =< a,a>,a eZinF] . we write R = Ri + ... + Rr where 



-Ri {x,C,D) 



<P,a>=ki 



then we have 

wn= 

hi+..+hN<\ 



J2 - E (i?i.-i?i.,)c^)"'-(^^.-i?iv,,) Wxp^. 



Since < a,a >< |q;| < < a, a >, so from lemma [3 we have for 
< a,a> < N,a e A, 

(Pi,...Pi,J {'py'- [rn,...rn,^) i'py'xpN 

where Yl* means the sum over 1 < / < A^, 1 < i < /i;, 1 < /j < r. Since 
the number of terms in the sum wjv is bounded from above by Cq , so 
3C > such that, for < a, a >< A^, ^ G P, l^]^""^ > A^''', we have 

from lemma El we obtain for |.^|p~'' > A^^^, 



(4.4) 



^lN 



M 




12 CHIKH BOUZAR AND RACHID CHAILI 

By the same procedure in the estimate of wat, we get for cat, 

( s \ {p-S)fJ.N 
— ^ ) , < a, a >< A^, \^\;-^ > N'^. 

Kip / 

Let Ml be the order of the distribution u in K, so 

(4.5) \^m<cT^'\if' 

From (lO) , (lOll and we easily obtain that 

□ 

5. Consequences 

This section gives some corollaries of the obtained result. 

Corollary 1. If P{x,D) is a differential operator with analytic coeffi- 
cients, satisfying d^.iD with |^|p = |^| , then theorem\^ coincides with 
the principal theorem 5.1 of Bolley- Camus 0, i.e. \/s > 1, 

WF, (u) C WF, {u, P) U V^'f (P) . 

Remark 5. The results o/[7j and ^lOj can be included in this corollary. 

Corollary 2. If the differential operator P{x, D) is q-quasihomogeneous 
with coefficients in G^'"^ (Q) , then = \C,\g and 

Err' = e X M" \ {0} : (x, = 0}, 

where Pg{x,^) is the principal q- quasihomogeneous part of P (x,^) . 
Consequently theorem coincides with the principal theorem of , 
i.e. Vs > 1 

WF,,, (u) C WF,,g {u, P)U{{x,OeQx R"\ {0} : P, (x, = 0}. 

Definition 10. The operator P(x, D) is said multi-quasielliptic in f2, 
if it is regular and Vxq G fi, 

3C > 0, 3P > 0, (IOp)^^^^ < C |P(xo,OI , Ve G R", |0 > P. 

The multi-anisotropic Gevrey regularity of the solutions of multi- 
quasielliptic differential equations, see ^^cl t4j, is obtained easily 
from the following microlocal result. 
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Corollary 3. Let u E D' (Q) and P{x, D) he a multi-quasielliptic dif- 
ferential operator with coefficients in G*'^ (Q) , then Vs > 1, we have 

WFs,p (u) = WFs,p {u, P) = WFs,-p (Pu) . 

Acknowledgements: The authors thank Professor Luigi Rodino 
for the useful discussions on the subject of this paper. 
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